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Abstract- The post buckling behavior of imperfect columns made of a nonlinear viscoelastic
material is investigated. The material is modeled according to the Leaderman representation of
nonlinear viscoelasticity. Solutions are developed to calculate the growth of the initial imperfection
in time and within the elastica. The numerical results show that unlike the case of the post-buckling
analysis of linear elastic or viscoelastic materials, here the ratio of 11'1 plays an important part in the
structure response. It is shown that the post-buckling behavior of columns made of nonlinear
viscoelastic materials is qualitatively and quantitatively better than in the linear viscoelastic
case. Conclusions concerning creep buckling within the small deflection theory are also presented.
(' 1997 Elsevier Science Ltd.

I!"TRODUCTlOt\

Stability of structures made of viscoelastic materials has a great importance in engineering
design, especially in aerospace applications where the performance of structures made of
polymer-based composites over a prolonged period of time has to be examined,

The buckling of linear viscoelastic columns has been extensively studied in the pasL
For example, Hilton (1952) has presented an analysis of a simply supported column with
both arbitrary initial imperfections and arbitrary viscoelastic model. Kempner (1962) used a
generalized form of the Maxwell model to characterize the buckling of nonlinear viscoelastic
columns with small deflections, The effect of finite deformations on the stability of linear
viscoelastic structures of simple rigid-bar-spring dashpot models was analyzed by Szysz­
kowski and Glockner (1985). Szyszkowski and Glockner (1986) evaluated the safe load
for columns made of linear viscoelastic solid-type materials and geometrically nonlinear
structures by various approximations. Comparison of geometrically linear and nonlinear
creep buckling behaviors of eccentrically loaded linear viscoelastic columns was presented
by Vinogradov (1985), where solutions were obtained by assuming that the deformation of
the column is governed by the classical Bernoulli-Euler theory, and by means of the
Schapery (1965) quasi-elastic methods, The Vinogradov investigation of the nonlinear
geometrical problem predicts that (a) no infinite increase of lateral deflections with time
(contrary to the linear theory). and (b) a satisfactory agreement between the results of the
linear and the nonlinear geometrical analysis is achieved only in the case of relatively small
deformations. Vinogradov (1985), and later on in (1987), showed also that in the case of
limited creep there is a safe load limit below which the creep buckling process stabilizes in
time. Creep buckling of nonlinear viscoelastic columns was analyzed by Chung and Chung­
Li (1986). using a nonlinear single integral for modeling nonlinear generalized Kelvin
materials. The stability of an initially imperfect nonlinear viscoelastic column was inves­
tigated by Distefano and Sackman (1968) by using the constitutive relation represented by
a Volterra-Frechet functional polynomial.

From the above investigations it follows that beyond a certain safe load level. large
deflections are developed. and can generate structural changes in the material, so that other
nonlinear effects should be considered (see Vinogradov (1985)).

In this paper. we investigate the behavior of columns which are geometrically nonlinear
(elastica). made of nonlinear viscoelastic material. and have initial imperfection. The
material constitutive equation is given by a single integral. according to the Leaderman
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Fig. 1. Buckling of imperfect columns.
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(1962) model for nonlinear viscoelastic materials. This model was compared e.g., by Smart
and Williams (1972) using the Schapery (1969) and the BKZ (1965) models, and one of
their main conclusions was that the Leaderman model is a very useful representation where
prediction and simplicity are concerned.

PROBLEM FORMULATION

An initially imperfect, simply supported column of length I and cross sectional area A
is subjected to a constant compressive load, p, as shown in Fig. 1.

The mechanical properties of the material are defined by the single integral rep­
resentation of nonlinear viscoelastic theory, as given by Leaderman (1962). In this model,
the stress-strain constitutive relation is given by

where g(e) is given by

O'(t) = E(O)g[£(t)] +t. E(t-r)g[e(r)]dr (1)

(2)

which for small strains, g(£)->£. E(t) is a time-dependent relaxation function, given by the
Perony series

II

E(t) = E, + L Eie-',!
!= I

(3)

which at t = 0 denotes the initial Young's modulus of the material Eo. Elf. is the value of
the relaxation function at infinite time and E i and ex, are constants (1/CXi represents the
relaxation time).
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The equilibrium equation of the deflected column (see Fig. Ie) is

M = -pI''.'

where the bending moment is

and:x(t) is given by eqn (1).
The bending strain, e, in a fiber at distance z from the neutral axis is given by

I:: = -ze,\

where eis the angle of rotation of the column cross-section. Within the elastica

e= sin-I (l'I',J
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(4)

(5)

(6)

(7)

where It' = IV - IVa and 11'0 is a small imperfection (see Fig, I).
By substituting eqns (2) and (6) into (1), and using the resulting relation for rewriting

the bending moment (eqn (5)) one obtains

M(t) = Eo[I8\+(/,e~]+ r
f

E(t-'[)[/O\+"j)/,e~Jd'[
Jo-

where I = bh3jl2 and II = bhs/80.
From eqn (7) one obtains

~1'.y\­e=,­
,\ cos e

where cose = JI-sin 2e;;::::: I-~It':\, so that

I I ,
-~e ;;::::: I + 1 \1"~\
cos ~

and the expressions derived for e,\ and e~ are thus given by

Substituting eqns (11-12) into eqn (8) yields the following form of eqn (4)

- +1 _ _,+{'I, _3 + P J~f D( )(- +1 __,+)'/1-3)d
W.n :2 W,nW~\Tw:X \ E I II' = - t - '[ 1\',\\ :2 W. XX w~\ 111':" '[

() 0'

where

(8)

(9)

(10)

(II)

(12)

( 13)
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. E(t)
D(t) = ~E '

o

and high order terms were omitted.
We introduce now the following dimensionless quantities into the above equation

to obtain

1\'
(V =~-/ .

11"0

W o =/'
h

'1=~

I
(14)

(15)

where

is the Euler buckling load.
Equation (15) represents a nonlinear initial and boundary valve problem, which can

be solved within the assumption that the time response of the first mode dominates the
total column response (see. e.g., Minahen and Knauss (1993)). Thus the approximate
solution for eqn (15) can be obtained by considering the following function

w = fir) sin n¢

and a sinusoidal initial imperfection function

W o = (' sIn n¢

(16)

(17)

where (' is a small positive constant andf(r) is an unknown time dependent function of the
central span deflection, to be found. Substituting eqns (16~17) into (15), notice that

and since only the first mode is considered

sin' n¢ ~ ~ sin n¢.

Equation (15) is now written in the following form

(18)

(19)

(20)
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Equation (20) is a nonlinear integral equation which governs the finite deflection
response of the nonlinear viscoelastic column subjected to axial loading.

METHOD OF SOLUTION

Consider a material for which the relaxation function is given by eqn (3) and n = I

(21 )

where E], E>: and ':I. are constants, to be given for the material considered. Then

(22)

Substituting eqn (22) into eqn (20) and then differentiating via the Leibnitz's rule, the
following ordinary differential equation is derived

(23)

where Eo = E>: + E]. The initial condition for eqn (23) is the instanteneous static deflection
f;j. at t = 0+ and is given by the relation

P e (n 2
9~'n4 ,), u;, ~e)'

- = I ~ -. + - + --Ir --,-.
Pc fo 8 80 fo

(24)

Equation (23) can be solved numerically, or analytically for special cases.
We note here that relation (24) of the instantaneous static deflection represents the

elastica type post-buckling ofcolumns made of nonlinear elastic 'hard materials' with initial
imperfection. In this case the constitutive equation is of the form (J = E(G+ KG').

NLMERICAL RESULTS AND D1SCLSSIOl"

First it is recognized that the buckling equation of linear viscoelastic column based on
the small deflection theory. as derived from (23), is of the form

(E _ !2)f+ E,--c
dj' P.- Eo Ell
.- = Iy"--' -'--

dt p
1---

P.

and the solution of this equation is

f' e . {1+P!P,-P!Pz l PJ.(I-P;P7)] ,= '. exp -':1.- . tJ
. I-PPx I-PIP, P. I-PIP,

(25)

(26)

where P>: = Ejnc:f (=(E JAnc/12)I1 C
). We note that the initial value in this case is the

loading-deflection relationship of elastic column with initial imperfection, PIP, = I - (e!.f~).

For P < PJ (P>: is defined as a safe load limit), the response of the column is limited
to an asymptotic valuelJ , as t -> ce, obtained at dfidl-> 0, and is given by the relation



1756 D. Touati and G. Cederbaum

e
.f~ - ~--

I_L
p/

(27)

and the column is considered to be stable. When PeL < P < Pc the response will increase
exponentially (see eqn (26)), and, finally, creep instability will occur. The instantaneous
buckling occurs when P ~ Pc and the column loses stability instantly, at t = 0 (see also
Vinogradov (1987), Bazant and Cedolin (1991) and Minahen and Knauss (1993)).

In the nonlinear case, when the initial imperfection is zero, one obtains from eqn (23)

(~ _ E')l_ Ex (7[2 + 9(7[41'/2)13

dl Pc Eo· Eo 8 80 .
- = :x ---------
dt P (37[2 27/'7[4,)."1--+ -+--1'/- f-

Pc ,8 80

which for P > Pc has the following solution

where

(28)

(29)

(30)

and for P = Pe

The asymptotic value of the deflection in the case of (28) is given by

(31 )

(32)

In the following, we consider the most general form of eqn (23). The asymptotic value
of the deflection here is

P Ex [ e (7[2 9)17[4 2) (fy -. e)3J
-=- 1--+ -+-1'/
Pc Eo Ix 8 80 Ix·

(33)

We would like to note here that: (a) by increasing the value of the relaxation time,
I/a" the time needed to reach the asymptotic value of the deflection is decreased, and (b)
unlike the case of the post-buckling analysis of linear elastic or viscoelastic materials, here
ry( = hi!) plays a very important part in the structure behavior (see also Figs 3 and 6 below).
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Fig. 2. The deflection/(t) vs 1 for fI = 0.05 and different ratios of pip,.
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Fig. 3. pp,. vsjfor fI = 0.05 at different values of I.

The numerical results were obtained by using Ex = 0.2, E1 = 0.8, (1 = 0.02, e = 0.001
and y = 2500, and within the high order Runge-Kutta method.

Figure 2 shows the deflection r(t) vs t for Yf = 0.05 at different ratios of P/P", and in
Fig. 3 P!Pe vsfis given, for Yf = 0.05 and at different times. From these figures it is seen that
the deflections gradually increase to their asymptotic value as given by eqn (33). This result
indicates that contrary to the linear theory, the nonlinear analysis predicts no infinite
increase of the lateral deflections with time. The same conclusion was indicated by Vin­
ogradov (1985), concerning the creep buckling analysis of geometrically nonlinear vis­
coelastic columns.

The variation of j(t) vs t for two cases of loadings is given in Fig. 4, as obtained by
considering linear (derived by substituting / = a in eqn (23)) and nonlinear viscoelastic
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Fig. 5. P /'c. vs/for different values of I. in the linear and nonlinear viscoelastic cases. for '1 = 0.05.

materials. These cases are considered also in Fig. 5, where the variation ofpiPe vsfis shown.
It can be seen that the differences in the results are increasing with the loading and with the
time. Those differences are not only quantitative, but qualitative as well. For example, for
piPe = 0.2 in Fig. 5, at t = 3000 (and also in Fig. 4 for pip, = 0.25), the response in the
linear case is practically unstable. while in the nonlinear case it is bounded. This can be
seen also in the instantaneous response (at t = 0), for both perfect (e = 0) and imperfect
columns. By "practically unstable" in the linear viscoelastic case we mean that the response
is sharply increased with any small change in the loading (as can be seen. for example, for
the case of p,p = 0.25 in Fig. 4 at high values of I, and in Fig. 5 at t = 3000). These results
indicate that the post-buckling response ofcolumns made of nonlinear viscoelastic materials
exhibit better behavior than of the linear viscoelastic counterparts. The improvement is
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seen even at relatively short times, and for relatively small (and thus more interesting)
values of the response. The same, of course, can be said for a perfect columns.

Next, we are interested in investigating the importance of '1( = h; f) in the post buckling
behavior of the column. As can be seen from eqn (23), the linear viscoelastic case (obtained
by setting i' = 0) is independent of 1], and that '1 is affecting only the material nonlinear
component and not of the geometrical one. We examine this phenomenon in Fig. 6, where
we considered the same case as in Fig. 3 but for a thicker column, '1 = 0.1. Here, the
increasing of IJ adds more nonlinearity to the system and thus the deflection decrease. as
can be seen by comparing Fig. 3 with Fig. 6. Thus, we conclude that the effect of the
nonlinear viscoelasticity is even more pronounced for thicker structures.

Finally, we would like to note that the same problem can be considered by keepingf
as a constant in eqn (20). This yields an expression for the time dependent loading, which
III 0 ur case IS

(34)

In the elastic case (1: = 0). we obtain the elastica type critical loading for imperfect columns
made of nonlinear (hard) material

(35)

Other sub-cases can also be obtained from eqn (34).
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